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Introduction
Let S 3 be the unit hypersphere in the 4-dimensional Euclidean space R 4 defined by The Clifford torus M θ is a flat Riemannian manifold equipped with the metric induced by the inclusion map i θ : M θ → S 3 . The authors are interested in the following question: For every isometric immersion f : M θ → S 3 , does there exist an isometry A of S 3 such that f = A • i θ ? Concerning this question, it is known that if f t : M θ → S 3 , −∞ < t < ∞, is a smooth 1-parameter family of isometric immersions with f 0 = i θ , then for each t there exists an isometry A t of S 3 such that f t = A t • i θ . However, the question above seems not to have been settled yet. In this note we give an affirmative answer to the question under the assumption that the immersion f is an embedding. In other words, we prove the following rigidity theorem.
The following theorem, which will be proved in §2, is a key ingredient in the proof of Theorem 1.
We now give the proof of Theorem 1. It follows from [2] that if f is an isometric embedding of a flat torus M into S 3 , then the image f (M ) is invariant under the antipodal map of S 3 . In particular, for each isometric embedding f : M θ → S 3 , we have Diam(f ) = π. Therefore the assertion of Theorem 1 follows from Theorem 2.
In §3, we obtain Theorem 3, which generalizes Theorem 2 for an isometric immersion of a flat torus with intrinsic diameter less than or equal to π. An immediate consequence of Theorem 3 is that the only flat tori with intrinsic diameter ≤ π which can be embedded in S 3 are Clifford tori.
Proof of Theorem 2
We define a Riemannian covering map T : R 2 → M θ of the 2-dimensional Euclidean space R 2 into the Clifford torus M θ by setting
where R 1 = cos θ and R 2 = sin θ. Note that T(u 1 , u 2 ) = T (u 1 + l 1 , u 2 + l 2 ) if and only if l i /2πR i is an integer for each i. Let V 1 and V 2 be the vector fields on M θ given by
Then we have
where g denotes the Riemannian metric on M θ . For i = 1, 2, we denote by {ϕ t i } the 1-parameter group of transformations of M θ generated by the vector field V i .
Lemma 1. Let f : M θ → S 3 be an isometric immersion, and let p be a point in M θ . If there exists a point
Proof. Take a point (a 1 , a 2 ) ∈ R 2 such that T (a 1 , a 2 ) = p. By (1) we obtain
It follows from (3) and (4) that γ i (t) is a unit speed curve in S 3 such that
Since γ i (t + 2π) = γ i (t), the curve γ i (t) is a unit speed geodesic in S 3 .
Lemma 2. Let f : M θ → S 3 be an isometric immersion with Diam(f ) = π, and let h denote the second fundamental form of the immersion f . Then h(V
Proof. We set h ij = h(V i , V j ). By (2) and the equation of Gauss, we obtain
where , denotes the Riemannian metric on S 3 . We now define M * θ to be the set of all p ∈ M θ such that f (p) = −f(q) for some q ∈ M θ . Using Lemma 1, we see that h 
We now give the proof of Theorem 2. Let f : M θ → S 3 be an isometric immersion with Diam(f ) = π. We set f 1 = i θ and f 2 = f . For k = 1, 2, let h k be the second fundamental form of the immersion f k , and let ξ k = h k (V 1 , V 2 )/ sin 2θ. Then it follows from Lemma 2 that ξ k defines a unit normal vector field along f k , and immersion f is totally geodesic at p, which is impossible. Hence M must be intrinsically isometric to M θ . Now Theorem 3 follows from Theorem 2.
Theorem 4. It is impossible to embed a flat torus with intrinsic diameter ≤ π in S 3 unless the flat torus is a Clifford torus.
